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Abstract

We present a study of the linear hydrodynamic stability of purely conductive Poiseuille flow in three-dimensional
horizontal rectangular channels uniformly heated from below. Its originality is to modellize the flow using realistic
conditions on all the boundaries of the channel, in particular, no-slip conditions on the vertical lateral boundaries.
The aim of this paper is to provide quantitative results for the values of the critical dimensionless parameters. When
the Rayleigh number Ra is higher than the critical value Ra", the instabilities are shown to be three-dimensional
horseshoe-shaped transversal rolls for Reynolds numbers Re smaller than the critical value Re*, and longitudinal
rolls for Re > Re*. The results are given for a wide range of the Prandtl number (107% < Pr < 10°) and of the
transversal aspect ratio B of the duct (0.1 < B < 5.4 and B — 00). © 1999 Elsevier Science Ltd. All rights reserved.

1. Introduction

The mixed convection flows in horizontal rectangu-
lar channels heated from below are also called
Poiseuille-Bénard flows (PBF). Their study has given
rise to numerous works because this flow remains rela-
tively complex, with some aspects misunderstood. This
is partly due to the fact that the PBF is characterized
by four dimensionless parameters (Ra, Re, Pr, B), and
several flow patterns.

Some of the papers on the PBF are of practical or
technological interest: e.g. in meteorology [1,2], in the
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cooling of electronic equipment [3-5], or in the pro-
duction of thin films in chemical vapour deposition
reactors [6—8]. Other papers aim at understanding the
two main thermoconvective roll patterns of this flow
(the transversal rolls and the longitudinal rolls) and
their stability [9-16]. Fig. 1 shows ‘transversal rolls’
and ‘longitudinal rolls’, subsequently noted R, and
Ry, respectively.

A bibliographical summary of the linear stability
studies on the transitions between the basic flow and
the R, or the R, in the PBF is presented in Table I,
together with the form of the normal modes and the
type of the thermoconvective rolls observed just
beyond the instability threshold. In those papers, f rep-
resents any perturbation, k. and k, are the wave num-
bers in the axial and transversal directions,
respectively, and ¢ =o0,+ io; is the complex time ampli-
fication coeflicient.
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Nomenclature

B transversal aspect ratio of the duct, /A

g gravitational acceleration

h channel height in z-direction

ky, k,  wave numbers in x- and y-directions

k upward vertical unit vector

/ channel width in y-direction

LDA  laser Doppler anemometry

& eigenvalue problem

P dimensional and dimensionless pressure

PBF Poiseuille-Bénard flow

Pr Prandtl number, v°/o°

R, transversal rolls

Ry longitudinal rolls

Ra Rayleigh number, gf %(Th—Te)h> v 0"

Ra* critical Rayleigh number, min(Ra*, Raj))

Ra’ critical Rayleigh number for the appear-
ance of transversal rolls

Raj critical Rayleigh number for the appear-

ance of longitudinal rolls

Ra ™ critical Rayleigh number between convec-
tive and absolute instability domains for
transversal rolls

Re Reynolds number, (O)//v°

Re* critical Reynolds number corresponding to
the transition between transversal and
longitudinal rolls

S size of the eigenvalue problem square

matrices (I MAX x J MAX+ K MAX x L

MAX+ M MAX x N MAX)?

dimensionless time

T dimensional and dimensionless fluid tem-
perature

T., T, temperature of the cold top and hot bot-
tom plates of the channel

u, v, w dimensionless horizontal, transversal and
vertical velocity components

~

U, V, W dimensional horizontal, transversal and
vertical velocity components

U’ average velocity of the two-dimensional
Poiseuille flow

(0) average velocity of the three-dimensional
basic flow

A% velocity vector (U, V, W)

Vr transversal roll velocity

x,y,z dimensionless axial, spanwise and vertical
coordinates.

Greek symbols

o thermal diffusivity

p thermal expansion coefficient

A dimensionless transversal roll wavelength

v kinematic viscosity

p mass per unit volume

a complex time amplification coefficient,
o, tio;

T dimensionless transversal roll time period.

Subscripts

i, T imaginary and real part of complex num-
bers.

Superscripts

E, O even, odd

max maximum

0 reference state or average value of the flow

* critical value

- basic state for the linear stability study

! infinitesimal perturbations

N normal mode amplitudes.

The two first linear stability studies of the PBF by
Velte [17] and Sani [18] provide qualitative results
about the growth of Rj in finite lateral extension
ducts. In particular, the critical Rayleigh number Ra7),
corresponding to the transition between the basic flow
and the R/, is shown to increase when B decreases.
Mori and Uchida [19], considering infinite lateral
extension ducts, focus on R;. The critical Rayleigh
number Raj; and the critical wave number k3 are
shown to be independent of Re (Raj;=1708 and
k3=3.13). The linear theory developed by Gage and
Reid [20] considers transversal, longitudinal or oblique
rolls in infinite lateral extension ducts, but only at
Pr = 1. It has been generalized to all Prandtl numbers

in the case of R, by Platten [21], using a restricted
variational technique. However, to our knowledge, the
most comprehensive linear stability study of the PBF
is Luijkx’s work [9]. It provides precise quantitative
results for a wide range of the dimensionless par-
ameters of the flow, both for channels of finite and in-
finite lateral extension.

In Fig. 2, we remind the reader of the stability dia-
gram when B — co. At Re = 0, the basic flow becomes
unstable at Ra = 1708. The critical Rayleigh number
Ra7), corresponding to perturbations of the form A(z)
e®7, is independent of Re (Ra7;=1708), whereas the
critical Rayleigh number Ra? for the appearance of
the R, (perturbations of the form A(z) e+ toid)
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Fig. 1. Schematic representation of the three main flow patterns of the Poiseuille—Bénard flow.

increases with Re. Lastly, for any perturbations of the
form A(z) elk¥+hr+aid - Qquire’s theorem [22] may be
invoked and produces curve 2 [23]. Therefore, without

i 1 =i{/h=
Infinite lateral extension duct (B=l/h=x) k: (Re) =0
Ra ® Diky =0
A R,
@ .
ky =0
@l =0

Any perturbations

*
kK =
Longitudinal rolls _ Ray* x
1708 Q@ ®lx;-3.116
Poiseuille flow R
- Re "
(]

Fig. 2. Linear stability diagram of the Poiseuille-Bénard flow
in infinite lateral extension ducts; three types of perturbations
are considered.

a lateral confinement and whatever Re, the basic flow
becomes linearly unstable towards the R, at
Ra*=1708.

Qualitative results for channels of finite transversal
extension (see Fig. 3) are briefly presented in [23,24],
together with the existence of the two types of rolls.
The aim of this paper is to provide a quantitative para-
metric study of Ra"= Ra*(Re, Pr, B). Fig. 3 shows
that the lateral confinement has two effects: first, the
basic flow is stabilized, since Ra*=min(Ra}, Ral)
increases when B decreases; secondly, at small Re
(Re < Re"), R, are favoured by the presence of the
lateral vertical walls. On the other hand, when
Re > Re*, the average flow aligns the rolls parallel to
the axis of the channel. Finally, it can be noted that
Ra’} is an increasing function of the Prandtl number
Pr, while Ra7 is independent of Pr. Therefore, Re*
decreases when Pr increases. Thus, Raj;=Raj(B),
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The different linear stability studies concerning the fully-established Poiseuille-Bénard flow

References Transversal Pr Re Form of the perturbations Concerned
aspect ratio (normal modes) roll patterns

Velte [17] Finite B = 1 Qualitative study f(y,z, t)=A(y, z) ™' Ry
with 6,=0

Sani [18] Finite Qualitative study f(y,z, t)=A(y, z) ™' R,
with 6,=0

Mori and Uchida [19] Infinite 0.7 230-570 Sy, z, 1)=A(z) cos (k,y) e Ry
with 6,=0

Gage and Reid [20] Infinite 1 10-10° fx, p, 2z, 1) =A(z) ellxthotan eod R R Roplique
with 6,=0

Platten [21] Infinite 0.7-7 0-6700 f(x, z, 1) = A(z) elkxxtain) gait R,
with 6,=0

Luijkx et al. [24] Finite Qualitative study R/, R,

Luijkx [9] Infinite 0-453  0-8000 f(x, y, 2, t) = A(z) ellxthytoin) gat R R,
with o,=0

Luijkx [9] Finite 0 < B < 5.4 0-10° 0-1770 f(x, v, z, t)=A(y, z) elkextairy goel Ry, R,
with ¢,=0

Platten and Legros [23] Infinite 7 0-100 f(x, v, z, t) = A(z) elkexthytain) goit Ry, R,
with o,=0

Platten and Legros [23]  Finite B = 2 and 5.2 1-453  0-10 f(x, 2, 1)=A(y, z) elkertan ot Ry, Ry

with ¢,=0

Ra’’=Ra’(Re, Pr, B), and Re*=Re*(Pr, B). The
main goal of the present paper is to give numerical
values for these functions.

Recent experimental [14,25], theoretical [26,27] and
numerical [28—-30] studies have shown the existence of
complex flow configurations like superpositions of R
and R [25,28,29], intermittent patterns [14], oblique
rolls [30], or horseshoe patterns [28]. Other recent nu-
merical works [31,32] have used the PBF as a test-case
to study the influence of the open inlet and outlet

ini teral extensi ct

i *
Longitudinal rolls Ray VPr

1708 : Poiseuille flow

P Re

¥
0 Re,* | Res*
Re*

L_ Ra*=min(Ra_}_* ) Ra//*)l

Fig. 3. Linear stability diagram of the Poiseuille-Bénard flow
in finite lateral extension ducts; the influence of the Prandtl
number is represented.

boundary conditions of the computational domains,
on the development of the thermoconvective patterns.
Finally, studies [15,16,27,33] have shown that the
notions of convective and absolute instability is a fun-
damental point to properly determine the transition
thresholds between the basic flow and the different
types of thermoconvective flows. Using a weakly non-
linear theory based on a Ginzburg-Landau equation
Miiller et al. [16] have determined the transition curve
Ra ™ between the convective and absolute instability
zones for the R,. Ouazzani et al. [15], experimentally,
and Nicolas et al. [33], numerically, have shown that
the transition between the basic flow and the R, corre-
sponds to the curve Ra$°™, provided that the flow is
not continuously perturbated near the inlet. However,
if the flow is continuously perturbated near the inlet
(e.g. mechanically by some vibrating device), the exper-
iments should coincide with Ra?, and not with Ra$°™.
Therefore, the knowledge of Ra’(Re) is also of inter-
est for future experiments. Finally, the Ginzburg—
Landau equation used by Miiller et al. [16] is a mono-
dimensional model-equation allowing one to describe
the space and time modulations of the amplitude of a
perturbation in a bi-dimensional flow; but, it cannot
take into account the effect of the lateral confinement
of the duct. So, at the end of this paper, we will com-
pare the results of the two-dimensional (2-D) weakly
non-linear studies with the results of the three-dimen-
sional (3-D) linear stability theory. As a general rule,
the results obtained by the linear theory will be dis-
cussed in light of other recent results of the literature.
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T(Z=-h/2)=T,
T(Z=+h/2)=T,

£(Y=:l/2)=0
ay

V(Z==h/2)=0
V(Y ==x1/2)=0

th

+h/2

vt 112

-h/2

Fig. 4. System of coordinates and boundary conditions for
the finite lateral extension duct.

2. Theoretical analysis

The linear stability analysis of the Rayleigh—Bénard
problem (Re = 0) in ducts of finite lateral extension,
has already been studied by Luijkx and Platten [34]
and Platten and Legros [23]. In this paper (Re # 0), we
consider the flow of a pure incompressible Newtonian
fluid, in an infinite horizontal channel of rectangular
cross section. Pure Poiseuille flow is driven by a press-
ure gradient dP/dx. The geometry and the different
boundary conditions are presented in Fig. 4. The hori-
zontal boundaries (Z= =+ h/2), rigid and perfectly heat
conducting, are maintained at constant temperatures,
the bottom plate being heated (7=7},) and the top
plate cooled (T'=T.). The lateral boundaries (Y= + 1/
2) are also rigid but perfectly heat insulating. The gov-
erning equations in the Boussinesq approximation are:

V.-V=0

v 1 072 0 0
W—I—(V-V)V:—FVP-%V V2V + UT — T gk
T

E+V-VT:0(°V2T

(D

where p° v°, p° and «° are defined at the average tem-
perature of the flow T°= (T}, + T.)/2.

2.1. Computation of the analytical form of the basic

flow

We seek a basic state V=(U(Y, Z), 0, 0), T=T(Z)
and P=P(X, Z) given by:

P 0V0<320 N 320>
=PV \ey? T aze
= = p"B(T—T) @

- Th — T.
T:TO—¥Z

We introduce dimensionless variables by the following
transformations:

X—hx U—U"

Y—ly T—T°—(T,—T)T (3)
B 0,0 0 _
Z—hz P P

where the scaling factor U°=(Kph*/12p°°) represents
the average velocity of the 2-D Poiseuille flow, induced
by the horizontal pressure gradient —Kp=(3P/3X).

Thus, the dimensionless temperature profile is
T(z)=—z and the dimensionless form of the basic
flow a( y, z) satisfies the following equation, in which
B=1/h is the transversal aspect ratio of the channel:

1 2% % {ﬁ(y=4_rl/2)=o

The solution of (4) is searched in the form u(y,
2)=6(1/4—z*)+ P(y)0(z). The term 6(1/4—z%) corre-

sponds to the profile of the 2-D Poiseuille flow with
unit average value. Thus, Eq. (4) gives:

dzP—(zy) — KB2P(y) =0
b 5)
2

d de +KO(z)=0

where K is the positive separation constant. The sol-
ution of (5) is:

{ P(y) = Ay ch(vVKBy) + A> sh(~KBy) ©)
0(z) = C cos(vKz) + Cy sin(~/Kz)

where A4;, A,, C; and C, are the four integration con-
stants. Remember that #( y, z) has to be symmetrical
about the horizontal and vertical midplanes, implying
A>=0 and C,=0. The application of #(z = 1/2)=0
gives /K = (2n+ 1), with n e Z. Therefore, the gen-
eral form of the solution is:

u(y, z) = 6(% - 22)

+iA,, ch((2n + 1)nBy) cos((2n + 1)nz)
n=0

™

The constants 4,, are determined by the last boundary
condition #(y = 1/2)=0 which is still to be satisfied,
ie.:
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iA,, ch <<n + %)nB) cos((2n + D)rz)
n=0

e

Multiplying the two sides of (8) by cos(mnz/2), with
m e Z, integrating for —1/2 < z < 1/2, and using the
orthogonality relations, we get:

48(_1)n+1

I ©)
Qn+ 1’73 ch((n + E)nB>

Finally, the reduced velocity profile of the basic flow
is:

wy, z)= 6(;1 - zz>

+f7§ i(—l)““ ch(2n + D)rBy) cos((2n + nz) (1)

n=0 Qn+1)° ch((n + %)nB)

The dimensional average velocity (U) and the dimen-
sional maximum velocity U™** of the 3-D basic flow
u(y, z), which are functions of the aspect ratio of the
duct, are listed in Table 2.

A, =

2.2. Perturbation equations

The dimensionless and linearized equations for in-
finitesimal disturbances (denoted by ') read:

ou’ N 1 ov n ow’
ox  B? 9y 0z

=0 (11)

Table 2
Average and maximum velocities of the 3-D basic flow as a
function of the aspect ratio of the duct

B (0) Umax

0.1 0.009370U° 0.015000U°
0.5 0.1715110° 0.341615U°
1 0.421731U0° 0.884056U°
2 0.686045U° 1.366462U"°
3 0.789951U° 1.472189U°
3.63% 0.826382U° 1.489661U°
4 0.8424390° 1.494218U°
5 0.873950U° 1.498798U°
10 0.936975U° 1499999 °
100 0.993698U° 1.50°

S U° 1.50°

# Corresponds to the experiments of Ouazzani et al. [13-15].

% aau[/ + Re ﬁ?;/ %v’g—j + Re W’%Z

= —% + V2 (12)
L e g%:—%ww (13)
% 88”;, + Re ﬁaa‘g = —881;/ +V2w' +Ra T (14)
aaTl/ + Re Pr aaaz —w =VT (15)

where V2 = (82/9x%) + (1/B*)(8%/8y?) + (8%/87%), Re =
(Oyh)V° is the Reynolds number, Ra=gf%(Tw—T.)h’/
v2® is the Rayleigh number and Pr=v%/’ is the
Prandtl number. Note that here we have used different
scaling factors for the basic flow and for the disturb-
ances, namely:

0
U’—>%u’ T — T°—(Ty — T)T'

0 0,0 ,0

V/—>Oc7v/ P/_)O( \1/2:0 P’ l_]—>((_])1] (16)
0
0 h2
W'—>%w’ t—»@[
Assuming
u'(x, y, z, 1) iy, 2)
v'(x, p, 2, 1) i(r.o) |
W,(x, Y, z, t) = ‘%( y, Z) el](""C eot (17)
P,(X, Vs Z, l) }3(}7, Z)
T,(xa Y, Z, [) T(y, Z)

where k. is the wave number of the disturbance in the
x-direction, and ¢ the amplification factor, we get:

1 av  ow
kit + — — +— =0 18
Pt gy 50 T %z (18)
N _. Re du, ou
%u—f— ik, Re uil + B_i a—uv—i—Rea—uw
7 y z (19)
= —ik P+ (V3 — )it
. . P .
iv—|— iky Re uv = —— + (V% + k%)v (20)
Pr ay )
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o . . N ap 5 21 A A
o + ik Re uw = e +(Vs—kw+RaT (21)

oT + ik, Re Pral —w = (Vi —i>)T (22)
where V3=(1/B?)(3*/8y°)+ (8*/9z%) is the 2-D Laplace
operator.

At this stage, two cases have to be considered: k£, =0
and k, #0.
2.3. ky=0: the longitudinal rolls

Egs. (18)—(22) reduce to:

1 v  ow

4= 2
828y+8z 0 23)

o . Re du. ou , 5 A

Eu —+ ﬁ EV-FR(’EM’ = V2H (24)
g . 813 2 A

=4V 25
Prv ay TV (25)

. oP . .

%w =% + V%w 4+ RaT (26)
ol — v =V3T 27)

Egs. (23), (25)-(27) is the standard 2-D Rayleigh—
Bénard eigenvalue problem for ¥, w, P and T (except
for the lateral confinement given by B which does not
allow a normal mode analysis in the y-direction) on
which is based the calculation of Ra7), independent of
Re and Pr, already solved before in Ref. [34].

24. k. #0: computation of the 3-D structures by the
Galerkin method

When k, #0, the system of five equations (18)—(22)
can be reduce to three equations by eliminating  from
Eq. (18) and P from Eq. (19). Egs. (20)—(22) become:

A 1 ) 9%, Ou v
QV sz2 ayQ* (8}’2 +5 3)/>

1 aw zRe s 812 W _0
k2 8y FER 3y32 i ay |

(28)

o4 B Qanz;+iRe<3 i, +aa aw)
" k2 0z ky 02" " 9z oz

1 aQaﬁ iRe [ 3% Haﬁ a7 (29)
k2B? 3z< 3y  kB*\dydz 9y 3z
—RaT=0
oT+ ik, Re PraT — (V3 —k)T—Ww=0 (30)

where the operator Q is defined by: Q=g¢/Pr+ik, Re
i—(V3—k2). Note that 3/dy or 9/dz do not commute
with Q.

The unknowns (¥, W, T') verify the following bound-
ary conditions:

. 1\ oT 1
i(=y) =5 (= 23) - o

The third condition for v and w is deduced from the
continuity equation (18) and the boundary conditions
for a: u(y= +1/2)=1di(z= + 1/2)=0.

The system of three equations (28)-(30) together
with the boundary conditions (31)—(33) is solved by
the classical Galerkin technique:

I MAX J MAX

Wy, 2= Y Y ayx A(»B(2) (34)

=1 =1

K MAX L MAX

Wy, = Y Y bux C(»)Di2) (35)

M MAX N MAX

T(y.0= Y. Y cmx En()F2) (36)
m=1 =

where  (4;(¥))i = 11 Maxs (Bi(2)); = 17 mMaxs -
(F,(z))n = 1.v max are six complete sets of linearly
independent trial functions verifying the boundary con-
ditions of the problem. The computation of the coef-
ficients a;, by, and c,,, is carried out by the method of
weighted residues and yields an algebraic system of lin-
ear equations or, equivalently, the following eigenvalue
problem (noted %):
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o . _ (a
P M+iReP—-acN)|b]|=0 37)
c

where M, N and P are square matrices of size S=
(I MAX xJ MAX+K MAXxL MAX+M
MAX x N MAX)?, and a, b and ¢ are the vectors con-
structed with (a;), (bx) and (c,,,), respectively. Next,
we search for the complex eigenvalues ¢ of the matrix

(N 1W—}-z’Re N 1?) and the corresponding eigenvec-
tors (a, b, ¢), from which we get the disturbances (v, w,
T). In fact, we are only interested in the highest real
part o (the most destabilising disturbance), and in
the corresponding eigenvector. The associated imagin-
ary part represents the time pulsation of the pertur-
bations. The linear instability threshold is given by
o™ =0. The critical Rayleigh number Ra* and wave
number k% correspond to the minimum of the curve

Ra=f(k,) obtained when o**=0; o =0;(Ra", kY) is

Wy, 2) = PEE(p,2) + 9FO(p, 2) + 1%, 2) + 9903, 2)

W(p, 2) = WEE( p,2) + WEO( 1, 2) + WOB(p,2) + HOO( 3, 2)

T(p,2) = T(y,2) + TPy, 2) + T™(y,2) + T 1, 2)
(38)

where the superscripts ‘E’ stands for ‘even’ and ‘O’ for
‘odd’, the first subscript relating to y and the second to
z. Then, each of the four terms of the relations (38) is
developed in a series of trial functions of prescribed
evenness. For instance:

I MAX J MAX

o= > Y d®xAN(»BY) 39)
i=1 Jj=1

where AF is even in y and BJQ is odd in z.
In this study, we have chosen the following trial
functions which all satisfy the boundary conditions

(31)-(33):

Bf(z) = (22 = PTya(2); BY(2) = (22 — PTy1(2)

<z C and ¥ D-
< = N + Ly + Lc
\: \: | \
5 $00 $EO HEE
W WEE WO w0
T TEE T OE 700

AR(p) = (3 = DPToia(y); A2() = (1 = D’ Taii(p)

CE(») = = DTu2(y); C2») =1 = DTa-1(y)

Di(z) = (22 = I’ Toa(2); DP(2) = (22 = 1’ Toi(2)
EE(y)=(=1)" cos[@m —my); ES(y) = (=1)""" sin[(2m — Dmy]
FE@) = (2 = DTua(@): FOR) = (22— Do)

(40)

where the T, (x) are the Chebyshev polynomials defined by: 7,,(x)=cos(n arccos(x))=2xT, _ {(x)—T, _ »(x).
The eigenvalue problem . defined by (37) splits up into the sum of four distinct eigenvalue problems £, s,

Zp
J
jOE )
wEO
f«Eo

the critical time pulsation. The Fortran subroutines
used in order to find the eigenvalues have been
extracted from the Eispack package [35], and adapted
in double precision.

2.5. Taking into account the evenness of the solutions

In (34)—(36), we do not know a priori if the trial
functions are even or odd functions of y and :z.
Therefore, we split each variable into the sum of four
terms of different evenness:

Indeed, for homogeneity reasons, any association is
not allowed. As an example, suppose that we select a
disturbance  which is odd in y and odd in z, ii=1°°.
From the continuity equation (18), v must be even in
y, but remains odd in z, p=yFO, similarly, V= OF
and, from the energy equation (22), 7" must have the
same evenness as W, i.e. 7=1°F

The evenness of the four possible cases is given in
Table 3, where we have also drawn different possible
roll patterns in the (y, z) plane, from the components
v and w of the velocity perturbations. To get the com-
plete structures, the spatial evolution of # and the x-
dependence of the perturbations (of the form e*¥)
must be taken into account. In the limiting case
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Table 3
Possible forms of the perturbations in the (y, z) plane deduced from the y and z evenness of their amplitudes
Case A Case B Case C Case D
y z y z y z y z
‘ ' E (0] (0] (0] O E E E
V' O (o] E O E E (@] E
w' E E (6] E (6] (@] E O
T E E 0] E (@] O E O
P E O 6] 8] 6] E E E
Az - iz ) Az Az
A — I N
“;\ ) ;‘/?( o ‘/4/< \D\ < - ’f"// P a\t< W
UG \ \/j T ‘ (‘\
DA ,,\\\:ﬁ/,,g o LG D
Az Az
/i — /'\\ ’/'\ /\
*//\\\‘f//§x‘l Y \\j \\‘.Z
Ao MRl
NN N IVAVAV/
- even number of Ry - odd number of Ry, |- physically never |- physically never
when k;—0; when ky;—0; observed patterns observed patterns
- horseshoe-shaped |- physically never whatever kx. whatever ky.
R when ky=3. observed patterns
when ky>0.

k. — 0, the form of the convective rolls can be directly
deduced from what is sketched in the (y, z) plane in
Table 3. Different types of R, are liable to appear: an
even number of R in Case A, an odd number of R/
in Case B, and an even number of superposed R) in
Cases C and D. We have verified that the critical
Rayleigh number obtained from the eigenvalue pro-
blems Zc and ¥ are always clearly higher than for
the Cases A and B.

When k, > 0, complex 3-D structures are observed
since the y-velocity component never vanishes (cf. [23]
and Fig. VI-34 of this reference). In Case A, the com-
putations show that the critical Rayleigh number is

reached for k., ~ 3, and that the thermoconvective
structures appear like horseshoe-shaped transversal
rolls, as if the R, were bent by the adherence effects
on the lateral walls. In Fig. 5, the form of the R, at
the critical point is shown from the isotherms of 77,
deduced from the eigenvectors of problem 5. The
isocontours of 7" are drawn in the planes x = 0, y = 0
and z = 0, for a flow at Pr = 10 in a duct of aspect
ratio B = 5, and for Re = 0, 0.4 and 1.2. The draw-
ings in plane z = 0 (top view) clearly show that the
rolls are more and more bent as Re increases.
Although the axis of these rolls is not a straight line,
we will continue noting them by R,. When k, > 0, for

(a) Re= (
plan;:x.=0 /K%:\%\ ! [ f‘ /
z‘:z&m\ Na=—r) |
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Fig. 5. Isocontours of 7" at the critical point, in the planes x = 0, y = 0 and z = 0, for a flow at Pr = 10, in a duct of aspect ratio

B =5, and for Re = 0, 0.4 and 1.2.
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®
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—— »Re
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Fig. 6. The different steps to get the critical Reynolds number Re™, for a duct of given aspect ratio B, and for Pr = cst.

Case B in Table 3, the corresponding flow pattern has
never been experimentally observed. Indeed, the ampli-
tude of u’ vanishes in the median vertical plane y = 0
because u’ is odd with respect to y.

2.6. Computation of the critical parameters of the flow

The two eigenvalue problems which have to be
solved (£ 4 and ¥3p) involve six parameters: k,, o, Ra,
Re, Pr and B. Fig. 6 explains the different steps to get
the critical Reynolds number Re® at a given Prandtl
number Pr and at a given aspect ratio B. As already
said, the first step consists in seeking the minimum
value of Ra when k, varies between 0 and + oo, for
o™X =0. In graphs 6(a) and (b), for B=B' close to an
odd number, as an example, the bold point indicates

the position of the critical point (k%, Ra™). Fig. 6(a)
shows the case of a flow at small Reynolds number
Re=Re!, for which the minimum value of Ra is
obtained at k, &~ 3 by solving the eigenvalue problem
#a. Therefore, when Re=Re!, the thermoconvective
patterns at the instability threshold take the form of 3-
D horseshoe-shaped transversal rolls. Fig. 6(b) shows
the case of a flow at Re=Re> > Re', for which the
critical Rayleigh number is obtained at k,=0 by sol-
ving an eigenvalue problem of type .Zg. Therefore, the
thermoconvective patterns at the instability threshold
correspond to an odd number of longitudinal rolls. If
we take B= B>, close to an even number, then the situ-
ation is sketched in Figs. 6(c) and 6(d), such that the
eigenvalue problem %, always provides Ra*. Four
neutral stability curves Ra=f(k,) at different Reynolds
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Table 4

Raj; as a function of B, with indication of the number of R/, and of the type of the eigenvalue problem giving the critical values

Transversal aspect ratio B Critical Rayleigh number Ra Type of the eigenvalue problem (&£ or ¥p) Number of R/
0.1 5,082,050 Ly 1
0.5 12,113.3 Ls 1
1 2585.03 s 1
2 2013.24 La 2
3 1870.72 s 3
3.64 1848.87 Ls 3
4 1810.48 La 4
5 1779.00 Ls 5
5.4 1767.28 7 S
o0 1707.76 f/A or ffB o0

numbers, including Re' and Re? are given in graph
6(e) for the case B=B'. It can be seen that the critical
point at k,=0 (Ra})) is not affected by the flow rate.
On the other hand, the flow rate has a stabilizing effect
on the R, at k, ~ 3. The critical Reynolds number
Re* corresponds to a neutral stability curve Ra=f(k,)
with two equal minima: the first at £, =0 and the sec-
ond at k, ~ 3. For Re < Re”*, the smallest Rayleigh
numbers correspond to the appearance of the R,
while for Re > Re*, the smallest Rayleigh number cor-
responds to the appearance of an even or odd number
of Ry, depending on B. The neutral stability curves
Ra’ and Raj, obtained from Fig. 6(e) are shown on
Fig. 6(f).

3. Results

3.1. A few results concerning the longitudinal rolls
(ke=0)

A few results, already published in [34], but which
are important for what follows, are reported in Table

*
Ra,

2500
2400 3
2300
2200
21003
2000 1Ry
19003
1800

valid VRe and VPr

3Ry,

4R, | 5R,
v T T T
1 1.5 2 2.5 3 35 4 45 5 B

1700 ; . .

Fig. 7. Critical Rayleigh number for the longitudinal rolls as
a function of the transversal aspect ratio, with indication of
the number of R),.

4 and Fig. 7. They concern the variation of the critical
Rayleigh number for the longitudinal rolls Raj; with
the transversal aspect ratio B.

Note that all these results are valid whatever Re and
Pr.

3.2. Critical parameters for the 2-D transversal rolls
when B — oo

Critical values of Ra’, when B — oo provide a lower
bound when B is finite and are thus interesting to
know. The evolution of Ra’ as a function of Re when
B — oo is shown in Fig. 8, for Pr = 107%, 1, 7, 10 and
453 (this last value corresponds to a particular silicon
oil in some experiments reported in [9], while the first
value should reflect the ‘zero Prandtl number solution’
expected to be valid for liquid metals). Well-known
results are again found: Ra] increases when Re
increases, and the basic flow is more stabilized when
Pr is high. The numerical values of Ra? and k7 when
B — oo are given in Appendix A (Table Al).

Whatever the value of B, it may be shown that the
principle of exchange of stability, i.e. =0, is only

Ra *
90004
8000
70004
6000
50004
40004
30004
2000
1000

Pr=453

Pr=10}

Pr=1

Pr=10-9)

T T T
0 2 4 6 8 10 12 14 16 18 Re

Fig. 8. Critical Rayleigh number for the transversal rolls as a
function of Re when B — oo, at Pr = 107, 1, 7, 10 and 453.
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Table 5

Ratio of the R, velocity, Vr, to the average velocity of the 2-D basic flow ((U)=U"), at the instability threshold, as a function of

Re and Pr, when B — oo

Re (Vrj(O))* at Pr=10"° (Vr/(O))* at Pr =1 (Vr/(U))* at Pr =10 (Vr(U))* at Pr = 453
0.2 0.8833 1.1703 1.296 1.380
0.4 0.8833 1.1703 1.296 1.410
0.6 0.8833 1.1703 1.296 1.424
0.8 0.8833 1.1703 1.297 1.432
1 0.8833 1.1703 1.297 1.438
2 0.8833 1.1703 1.300 1.453
3 0.8833 1.1702 1.304 1.459
4 0.8832 1.1701 1.309 1.462
6 0.8830 1.1700 1.320 1.465
8 0.8829 1.1696 1.329 1.465
10 0.8826 1.1692 1.335 1.463

satisfied when Re = 0. For infinite, as well as for finite
transversal aspect ratios, we get oscillations (o} # 0) as
soon as Re # 0. Thus, in the general case, at the linear
instability threshold, the form of the perturbations cor-
responding to the R, is:

u/(x5 y’ Z’ t) ﬁ(y’ Z)
v(x, p, z, 1) vy, 2)
w'(x, y, 2,0 | =] Wy, 2) i gl (42)
P'(x, y, z, 1) P(y, 2)
T'(x,y, z, 1) I(y, 2)

Therefore, the R, behave like travelling waves of
dimensionless critical wavelength A*=2n/k?%, of dimen-
sionless critical period v*=2n/|c}|, and of dimension-
less critical velocity A*/t*. Remembering the scaling
factors for length and time [cf. relations (3) and (16)],
the dimensional wave velocity of the R, is Vi*=A"h/
(t*h*/a®). We then define the ratio (Vr/(U))* of the
transversal roll velocity to the average velocity of the
flow (U) (cf. Table 2):

Vr\* |of(Re, Pr)| o® h
() k*(Re, Pr) h Rev®
| 6¥(Re, Pr)| 1
_la 4
k*(Re, Pr) Re Pr “3)

The ratio (Vr/(U))* when B — oo is given in Table 5
for Pr = 107°, 1, 10 and 453. (Vr/(U))* varies with Re
and Pr. However, this ratio can be considered almost
as a constant, at a given Prandtl number, since the fre-
quency of the wave ¢ is at first-order proportional to
Re. Corrections in O(Re?) must be added at large Re
[16]. Generally, (Vr/(U))* is greater than unity (e.g.
~30% higher at Pr = 10), except when Pr is very
small (e.g. Pr = 107°).

3.3. Critical parameters for the 3-D transversal rolls
(kx~3)

Now, we focus on the variations of the critical par-
ameters and of the critical characteristics [Ra, k%, o
and (Vr/(U))*] of the 3-D R, flows, as a function of
Re, B and Pr, respectively. All the results are presented
in the form of figures, whereas the numerical data are
given in Appendix B.

The evolution of Ra’ as a function of Re is pre-
sented at Pr = 10, for B =1, 2 and 5 in Fig. 9 (the
case B— oo is also drawn on the figure). It can be
noted that the stabilizing influence of the lateral verti-
cal walls on the onset of the 3-D R, is more pro-
nounced in narrow ducts. The dotted horizontal lines
are from Table 4. Thus, the values of Re™ at Pr = 10
can be determined from Fig. 9: Re* ~ 0.6, 1.2 and 1.1
for B=1, 2 and 5, respectively [cf. Table Bl in
Appendix B for the precise values and Fig. 10 for
Re*=f(B)]. Note that the variation of Re® with B is

22004 B=2,

T T T T
12 14 16 138 Re

<
<
[
@
'S
<
[}
oo
—_

Fig. 9. Critical Rayleigh number Ra? for the 3-D Ry, as a
function of Re, at Pr = 10, for different aspect ratios B of the
duct; the intersection with the horizontal lines Raj;=f(Re) is
also drawn; S = 48 x 48.
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Re*
144

124 Pr=1
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o Wbese o

0

Fig. 10. Critical Reynolds number Re™ as a function of the
aspect ratio of the duct B, for Pr = 1, 10, 100; S = 12 x 12.

not monotonous. In the limit case B — oo, convection
always appears in the form of R, and Re*=0. On the
other hand, when B — 0 and when there is no average
flow (Re = 0), it can be shown from [36,37] that Ra’
and Raj, tends to infinity according to the following
laws:

cst
Raj(Re=0)— 55 [36]
500.56
B4

when B— 0, (44)

Ra’,(Re = 0)— [37]

Thus, the difference (Raj,—RaT)(Re = 0), which partly
determines Re*, tends to infinity when B — 0.
Therefore, when the transversal aspect ratio B of a
duct is very small, Re* is very high and the convection
is expected to appear in the form of transversal rolls.
The variation of k% as a function of Re is plotted on
Fig. 11, at Pr = 10 and B = 1, 2, 5 and oo. The criti-
cal wave number is shown to decrease monotonously
when Re increases (except at B = 1). Note the signifi-

K *
3_ B-—>0)
2.95
2.8
277
264
25 >
244

. T L AR
0 02 04 06 038 1 12 14 16 18 Re
Fig. 11. Critical wave number k7 for the 3-D R, as a func-
tion of Re, for B=1, 2, 5 and B— oo, at Pr = 10;
S = 48 x 48.
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Fig. 12. Ratios of the wave velocity Vr of the 3-D R, at the
critical point to the average velocity (U) or to the maximum
velocity U™ of the basic flow, as a function of Re, for
B=1,25and B— oo, at Pr = 10; S = 48 x 48.

cative influence of Re on k% particularly at B = 2. The
variation of (Vr/(U))* as a function of Re, as well as
the variation of (Vr/U™**)* (cf. Table 2), are presented
in Fig. 12, at Pr = 10 and B = 1, 2, 5 and oo. It can
be noted that these two ratios are almost independent
of Re as already said in the discussion of Eq. (43).
Whatever B, the propagation velocity of the 3-D R, is
higher than the average velocity of the basic flow
(except at Pr = 1078, cf. Table 5), but slower than the
maximum velocity, according to the relation between
(O) and U™ of Table 2.

Fig. 10 gives the critical Reynolds numbers Re* as a
function of the aspect ratio, for Pr = 1, 10 and 100
(see also Table B3 in Appendix B for Pr = 453). As
said before, Re™ tends to infinity when B — 0, and
tends to zero when B — oo. The three curves present a
series of minima and maxima which coincide with the
minima and maxima of the curves Raj,=f(B) of Fig.
7, a fact that can be easily understood as follows: each
time that there is a maximum in Fig. 7, that means
that R, are difficult to form or, in other words, that
the Reynolds number necessary to align the rolls paral-
lel to the mean flow must be high. The effect of Pr can
also be explained: small Pr means small viscosity, thus
higher Reynolds numbers. Note that, for usual liquids
(say water, Pr = 7), the transitional Reynolds number
remains of order 1: Re® > 15 is only attained when
B < 1land Pr < 1.

The critical wave number k% of the 3-D R, when
Re= Re*(B, Pr) is given as a function of B for Pr = 1,
10, 100 and 453 in Fig. 13. k% tends to 3.116 when
B — oo. Note that k7 practically does not change with
Pr, for Pr > 1 and B > 1. The variation of (Vr/(U))*
as a function of B, when Re= Re”, is presented on Fig.
14. From Figs. 13 and 14, it appears that the vari-
ations of k% (Re*) and (Vr/(U))*(Re*) with B are more
regular when B > 1.6 than when B is smaller.
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Pr=10, 100, 453 Re=Re*(B, Pr)
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3.24
3.1
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Fig. 13. Critical wave number k% at Re= Re”, as a function
of the aspect ratio of the duct B, for Pr = 1, 10, 100 and 453;
S =12 x 12.
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143
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Fig. 14. (Vr/(U))* as a function of B, at Re= Re*(B, Pr) and
for different Prandtl numbers; S = 12 x 12.

The numerical values of the critical parameters when
Re= Re* are listed as a function of Pr, for B = 2 and
5.2, in Table B4 of Appendix B. From this table, we
successively  present the functions Log(Re")=
Sf(Log(Pr)),  ki=f(Log(Pr)) and  (Vr/(U))"=
f(Log(Pr)), for B = 5.2, in Figs. 15-17. From Fig. 15,
it appears that, when Pr is sufficiently small (Pr < 0.01
when B = 5.2), Re* tends to a constant (which in fact
depends on the aspect ratio). That means that, even at
Pr =0, Ra’ still increases when Re increases. On the
other hand, for ‘high’ values of Pr (Pr > 5 when
B =5.2), Re* tends to zero following a law of the
type; Re* = C(B)/Pr, where C(B) is a function of B. In
Fig. 16, it can be noted that the wave number k3 at
the critical point Re= Re™ tends to a constant when Pr
is small (Pr < 0.01). From the ratio (Vr/(U))* at the
critical point Re= Re* and for B = 5.2 (cf. Fig. 17),
the wave travels at the mean velocity at small Pr
(Pr < 0.01, say liquid metals), but at 1.4 to 1.5 times

Re*<
104

14
0.14
0.01 4

0.001

0.0001 ~ ey ey

i B B |
H & & S N N0 ¢ Pr
P O QO o Q-
RS NI

Fig. 15. Re™ as a function of Pr, at B = 5.2; § = 48 x 48.

Re=Re*(B, Pr)
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2.94 4l ™ il ™ T T

i i | ™
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Fig. 16. k% as a function of Pr, at Re=Re*(B, Pr) and
B =52,8 =48 x 48.

(Vr/<U>)*
1.553
1.53 Re=Re*(B, Pr)
1.453
1.4
1.35 5
135
1.253
1.2
1.154
1.13

B=5.2

S -

& > DN Q> DN N Q N N Pr
N S O ) N Q

\Q/ Q.QQ Q'Q o °© A \@ \Q§

Fig. 17. (Vr/(U))* as a function of Pr, at Re=Re*(B, Pr) and
B =525 =48 x 48.
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Table 6

Comparison of experimental or numerical values of Raj, and Re™ found in the literature with the values obtained by the present

linear stability study

Reference Methodology B Raj, Re™

Chen and Lavine [40] 3-D numerical simulation 0.7 2 2000 5+1

Present study Linear stability 2013 8.5

Quazzani et al. [13,14] LDA 6.4 3.6 1840 + 80 0.354+0.1
Present study Linear stability 1849 1.7

Luijkx et al. [24] Shadowgraphy 453 5.25 1710 4+ 220 (6.4+0.8) x 1073
Present study Linear stability 1770 23 x 1073

the mean velocity for all organic liquids (the smallest
Prandtl number for a transparent liquid is found to be
equal to 4 for acetone).

4. Discussion and conclusions

4.1. About the critical Rayleigh and Reynolds numbers:
Raj), Ra? and Re*

In Table 6, we present values of Raj, and Re*
obtained experimentally or by 3-D direct numerical
simulations in three different papers, at different
Prandtl numbers and aspect ratios. These values are
compared with those obtained by the present 3-D lin-
ear stability study. It can be noted that the values of
Raj are in excellent agreement. However, the values of
Re* computed by the linear theory give only an upper
bound. This is quite natural since the notions of con-
vective instability, which introduces a new critical
Rayleigh number curve (noted Ra(®"'), has to be
invoked. For Ra” < Ra < Ra$"™, the flow is convec-
tively unstable: the basic flow remains stable if it is
submitted to a unique perturbation that grows in time,
but that is carried out of the duct by the mean flow;
however, the basic flow becomes unstable when it is
submitted to a permanent white noise (for instance).
For Ra > Ra®™, the flow is absolutely unstable: a
unique perturbation is sufficient to produce a periodic
pattern (see Refs. [38,39] for more details about the
notions of convective and absolute instability).

In Fig. 18, we present the stability diagram of the
PBF obtained experimentally by Ouazzani et al.
[13,14], in the case of water (Pr = 6.4) in a 3.6-aspect
ratio duct. This diagram is compared with the theoreti-
cal transition curves Ra}, and Ra’ computed for the
experimental conditions Pr = 6.4 and B = 3.6, and
also with the curve Ra$™ only available from a
Ginzburg-Landau approach for B — oo [16,27]. The

experimental stability diagram presents three main
zones: the classical Poiseuille flow in Zone, I, transver-
sal rolls in II, and longitudinal rolls in III.

As already seen in Table 6, the linear stability curve
Raj) is in very good agreement with the horizontal sep-
aration line between Zones I and III. On the other
hand, the curve Ra’} does not correspond to the tran-
sition between Zones I and II and gives Re* ~ 1.7,
which is different from the experimental critical
Reynolds number Reg, ~ 0.35. Once again, this is
quite natural since, in Ouazzani’s experiments [13,14],
no sustained mechanical perturbations are introduced

& Pr=6.4
{ ot
1900 11 & 1t -~
<
*
1850 Ra//

1800

17501

1700 .
0 Re*exp i Re* 2 Re
Experiments of Ouazzani et al. (1990, 1993) - B=3.6;
separation lines between 3 types of flow patterns :
-zonel : conductive Poiseuille flow;
- zone Il : transversal rolls;
- zone III : longitudinal rolls.
Present work (linear stability) : critical curves Ra,* and Ral* 1B=36.

Theory of Miiller et al. (1992) : critical curve Ra,“*"" separating the
zones of convective and absolute instability for the R, ; B—>c0,

Fig. 18. Comparison of the stability diagram determined ex-
perimentally by Ouazzani et al. [13,14], with the results of the
present linear stability study and with the weakly non-linear
theory of Miiller et al. [16] (see also [15]).
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Comparison of different values of (Vr/(U))* at Re= Re* found in the literature with the values obtained by the present linear stab-

ility study

Reference Vr/(U)=f(Ra) Methodology Pr B (Vr/(U))* at Ra= Ra};
Schroder and Biilher [28] Vr/(U)=1.53-3.18 x 10> Ra 3-D numerical simulation 530 4.1 1.47

Present study Linear stability 1.54

Quazzani et al. [13] Vr/(U)=1.62-8.67 x 107°Ra LDA 6.4 3.6 1.46

Present study Linear stability 1.5

Nicolas et al. [33] Vr/(U)=1.28-0.82 x 107°Ra  2-D numerical simulation 6.4 00 1.27

Present study Linear stability 1.28

Miiller et al. [16] Vr/(U)y=1.19-1.1 x 10Ra Ginzburg-Landau equation 1 00 1.17

Present study Linear stability 1.17

near the inlet, and therefore, the curve Ra$°"™ agrees

much better with the transition between Zones I and
II. Thus, the weakly non-linear theory gives a critical
Reynolds number Re* ~ 0.45 much closer to the ex-
perimental value 0.35. As already said, the present lin-
ear theory gives an upper bound for Re*, but has the
advantage to account for the lateral confinement,
whereas the 2-D theory of Miiller et al. [16] not
(Ra’;=1730 instead of 1708 at Re = 0). Finally, any
experiment with sustained noise (mechanical or ther-
mal, say, e.g. by high power laser flashes) should only
be compared with the present study.

Table 8

To summarize, the 3-D linear theory allows one to
determine the instability thresholds at Re = 0, and the
transition Raj, between the basic flow and the R).
However, the curve Ra? does correspond to a physi-
cally observed transition between the basic flow and
the R, only in experiments (not available today) with
continuous inlet perturbations of sufficient amplitude.
Without sustained noise, it is preferable to use a con-
vective weakly non-linear theory, even 2-D. Note that,
to our knowledge, a convective stability theory, taking
into account the lateral confinement of the channel,
has never been developed for the present problem.

Comparison of different values of &, found in the literature with the values obtained by the present linear stability study

Reference Methodology Pr B Ra Re ki
Luijkx et al. [24] Shadowgraphy 450 5.25 4505 0.328 x 1073 2.856
4505 0.95 x 1073 2.923
Present study Linear stability 1770 23 x 1073 2.956
Schroder and Biilher [24] 3-D numerical simulation 530 4.1 7600 0.89 x 1073 2.596
7600 (142 < Re<3)x107° 2.732
Present study Linear stability 1810 0.03 2.94
Nicolas et al. [33] 2-D numerical simulation 6.4 00 1836 0.3 3.19
Present study Linear stability 7 1794 2 3.081
Miiller et al. [16] 2-D numerical simulation 1 00 1903 2 3.155
2420 4 3.307
Present study Linear stability 1713 2 3.117
1729 4 3.118
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4.2. About the ratio of the transversal roll velocity to the
average velocity of the basic flow: (Vr/(U))*

It is well-known that the ratio (Vr/(U))* decreases
linearly with Ra and is independent of Re
[4,12,13,16,28,33]. In the present study, a relative inde-
pendence of Re is also verified. Indeed, the variation of
(Vr/(U))* is less than 4% when 0 < Re < Re* (cf. Fig.
12 and Tables B1 and B2 in Appendix B). In Table 7,
we compare values of (Vr/(U))* extracted from the lit-
erature with the results of the present work. The vari-
ation laws of Vr/(U) with Ra are given only for the
results of the literature (experimental or non-linear the-
ories). It can be noted that the linear stability accounts
very well for the results of the literature at the critical
point whatever Pr and B. Notice that, at Pr = 6.4, the
influence of B is perfectly taken into account (compare
the noticeable difference between B = 3.6 and
B — 0).

4.3. About the wavelength of the transversal rolls: k7

Very few results concerning the variation with Ra
and Re of the wave number k, of the 3-D transversal
rolls are available in the literature. Indeed, the precise
knowledge of k. requires long computational domains
or long experimental channels and, consequently, the
numerical cost or the experimental difficulty are
increased. Furthermore, the only available results when
B is finite are for high Rayleigh numbers. In Table 8§,
we compare results from the literature with results of
the linear stability for the same values of B and Pr,

Table Al

but at different Ra and Re. The orders-of-magnitude
are in good agreement. However, it is difficult to go
further into the comparison, because k, depends on Ra
and Re.

To conclude, the main interest of this study is to
give numerical values of critical Rayleigh numbers,
both for longitudinal and transversal rolls as a func-
tion of Re, Pr and B, taking for the first time into
account the real 3-D character of the basic Poiseuille
flow [Eq. (10)] and of the disturbances as well. In par-
ticular, even for transversal rolls, the three velocity
components are non-vanishing. What is today missing,
and of course needed, is a 3-D study of the convective
instability (Ra$°™) as a function of the lateral confine-
ment described by B, together with new experiments
with sustained noise at the inlet.

Appendix A

Critical parameters for the 2-D transversal rolls in
ducts of infinite transversal aspect ratios (B — 00)
(Table Al).

Appendix B

Critical parameters as a function of Re, B and Pr
for the 3-D transversal rolls (k. ~ 3) in ducts of finite
transversal aspect ratio (1 < B < 5.2) (Tables B1-B4).

Critical Rayleigh number Ra* and critical wave number k% as a function of Re, when B — oo, at Pr = 107°, 1, 7, 10 and 453

Re Pr=10"° Pr=1 Pr=1 Pr=10 Pr = 453
Ra’ k% Ra’ k% Ra’ k% Ra’} k% Ra’ k%

0 1707.76 3.116 1707.76 3.116 1707.76 3.116 1707.76 3.116 1707.76 3.116
0.2 1707.76 3.116 1707.81 3.116 1709.49 3.116 3213.97 3.139
0.4 1707.77 3.116 1707.97 3.116 1714.67 3.113 4528.85 3.204
0.6 1707.79 3.116 1708.24 3.116 1723.26 3.109 5684.57 3.230
0.8 1707.81 3.116 1708.61 3.116 1735.20 3.104 6749.47 3.249
1 1707.84 3.116 1709.08 3.116 1729.61 3.107 1750.42 3.097 7755.20 3.263
1.2 1707.88 3.116 1709.67 3.116 1768.80 3.089 8720.17 3.273
1.4 1707.92 3.116 1710.35 3.117 1790.25 3.081 9655.88 3.282
1.6 1707.97 3.116 1711.15 3.117 1814.61 3.071 10,570.2 3.288
1.8 1708.03 3.116 1712.05 3.117 1841.77 3.061 11,468.9 3.294
2 1708.09 3.116 1713.05 3.117 1793.62 3.081 1871.57 3.051 12,356.3 3.299
3 1708.50 3.116 1719.67 3.117 2054.78 3.003 16,727.0 3.314
4 1709.08 3.116 1728.95 3.118 2281.36 2.972 21,188.8 3.308
6 1710.72 3.115 1755.51 3.120 2376.28 2.959 2805.05 2.977 31,366.0 3.195
8 1713.02 3.114 1792.83 3.123 2795.59 2.948 3373.72 3.025 44.741.6 2.937
10 1715.98 3.113 1841.05 3.126 3269.37 2.966 3987.50 3.055 62,927.7 2512
20 1740.40 3.104 2252.38 3.155 6621.63 2.973 8574.21 2.885 100,168.1 6.928
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Table B1

Critical parameters as a function of Re, for flows of 3-D horseshoe-shaped R, at Pr = 10 and B = 1,2 and 5; S = 48 x 48"

Pr=10
Re Ra’} ki o (Vr/(O))*
B =1 (Ra};=2585.03, Re*=0.585) 0.0 2369.07 3.170 0.0
0.1 2375.45 3.169 —4.552 1.436
0.2 2394.51 3.164 —9.104 1.439
0.3 2426.00 3.158 —13.664 1.442
0.4 2469.46 3.150 —18.236 1.447
0.5 2524.22 3.140 —22.840 1.455
0.6 2589.30 3.131 —27.492 1.463
0.8 2744.75 3.119 —37.052 1.485
1.0 2920.52 3.119 —47.172 1.512
1.5 3333.98 3.157 —75.040 1.585
2.0 3640.49 3.157 —103.20 1.634
B =2 (Ra};=2013.24, Re* =1.196) 0.0 1842.73 3.018 0.0
0.2 1861.46 2.993 —9.560 1.597
0.4 1895.54 2.919 —18.956 1.624
0.6 1924.86 2.845 —28.012 1.641
0.8 1952.30 2.789 —36.808 1.650
1.0 1981.60 2.739 —45.356 1.656
1.2 2013.99 2.692 —53.612 1.660
1.4 2049.63 2.643 —61.540 1.663
1.6 2088.24 2.592 —69.108 1.666
1.8 2129.40 2.539 —76.284 1.669
2.0 2172.63 2.484 —83.040 1.671
B = 5 (Ra};=1779.00, Re*=1.095) 0.0 1712.09 3.038 0.0
0.2 1715.29 3.028 —8.928 1.474
0.4 1723.29 3.013 —17.784 1.476
0.6 1735.38 2.994 —26.536 1.477
0.8 1751.08 2.971 —35.144 1.479
1.0 1770.07 2.947 —43.600 1.479
1.2 1792.24 2.922 —51.920 1.481
1.4 1817.53 2.898 —60.120 1.482
1.6 1845.85 2.875 —68.196 1.483
1.8 1877.05 2.851 —76.148 1.484
2.0 1910.97 2.828 —83.964 1.485

* The position of Raj; and Re™ is indicated by a horizontal separation line in each case.
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Table B2

Critical parameters as a function of Re, for flows of 3-D horseshoe-shaped R, at Pr = 453 and B = 5.2; S = 48 x 48"
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Pr =453
Re Ra’ k% i (Vr/(O))*
B =52 (Raj,=1770.05, Re*=0.02294) 0.0 1711.45 3.044 0.0

0.01 1724.52 3.017 —20.400 1.493
0.02 1757.28 2.971 —40.268 1.496
0.03 1806.21 2.921 —59.504 1.499
0.04 1869.75 2.873 —78.212 1.502
0.1 2422.68 2.621 —181.228 1.526
0.2 3333.73 2.793 —397.120 1.569
1.0 7091.21 3.335 —2485.67 1.645
2.0 8023.63 3.683 —5535.04 1.659

* The position of Raj; and Re™ is indicated by a horizontal separation line.
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Table B3
Critical parameters at point (Re=Re™; Ra=Ra}) as a function of B, for flows of 3-D horseshoe-shaped R, at Pr = 1, 10, 100
and 453; S = 12 x 12

B Re* k% of (Vr/(O))*
Pr=1 0.6 31.00 2.46 —98.80 1.30
1.0 5.70 3.08 —23.89 1.36
1.6 12.53 2.78 —51.75 1.49
2.0 8.20 2.79 —33.57 1.47
2.6 10.64 2.82 —43.05 1.44
3.0 8.74 2.88 —35.34 1.40
3.6 8.59 2.94 —34.97 1.38
4.0 7.50 2.98 —30.48 1.36
4.6 7.17 3.01 —28.96 1.34
5.0 6.51 3.03 —26.18 1.33
5.4 6.00 3.04 —24.03 1.32
Pr=10 0.2 248.4 6.29 —24,527 1.57
0.6 3.17 2.88 —130.60 1.43
1.0 0.58 3.13 —26.70 1.46
1.6 237 2.71 —108.51 1.69
2.0 1.52 2.74 —69.06 1.65
2.6 2.02 2.74 —89.05 1.61
3.0 1.62 2.83 —72.44 1.58
3.6 1.60 2.89 —71.30 1.54
4.0 1.39 2.93 —61.87 1.52
4.6 1.32 2.97 —58.58 1.49
5.0 1.20 2.99 —52.83 1.47
5.4 1.10 3.01 —48.42 1.46
Pr =100 0.1 1774.5 8.48 —2.236 x 10° 1.49
0.6 0.316 2.94 —135.49 1.46
1.0 0.058 3.13 —26.95 1.47
1.6 0.247 2.72 —115.98 1.72
2.0 0.157 2.75 —72.40 1.68
2.6 0.208 2.74 —93.48 1.64
3.0 0.167 2.83 —75.57 1.60
3.6 0.164 2.89 —74.28 1.57
4.0 0.142 2.93 —64.29 1.54
4.6 0.135 2.97 —60.81 1.51
5.0 0.122 2.99 —54.78 1.50
5.4 0.112 3.01 —50.16 1.48
Pr =453 0.1 1770.2 8.50 —1.014 x 107 1.49
0.6 0.070 2.94 —135.90 1.46
1.0 0.013 3.13 —26.97 1.48
1.6 0.055 2.73 —116.31 1.73
2.0 0.035 2.75 —75.52 1.75
2.6 0.046 2.74 —93.63 1.64
3.0 0.037 2.83 —75.97 1.61
3.6 0.036 2.89 —74.38 1.57
4.0 0.032 2.93 —64.37 1.54
4.6 0.030 2.97 —60.88 1.52
5.0 0.027 2.99 —54.84 1.50

5.4 0.025 3.01 —50.22 1.48
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Table B4
Critical parameters at point (Re= Re™; Ra= Ra})) as a function of Pr, for flow of 3-D horseshoe-shaped R, in ducts of aspect ratio
B =2and 5.2; S =48 x 48
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Pr B =2 (Ra};=2013.24) B = 5.2 (Ra}=1770.05)

Re* k% o (Vr/(O))* Re* k% o (Vr/{O))*
0.00001 17.02 3.080 —524x107* 1.000
0.0001 17.04 3.080 —5.26x 1073 1.002
0.001 17.04 3.080 —5.28 x 1072 1.006
0.01 17.14 3.080 —0.532 1.008
0.05 16.58 3.086 —2.680 1.048
0.1 14.90 3.088 —4.996 1.086
0.2 19.70 2.515 —12.216 1.233
0.3 10.08 3.039 —10.888 1.185
0.4 8.82 3.022 —12.996 1.219
0.5 10.48 2.740 —19.676 1.370 7.94 3.011 —14.880 1.245
0.6 7.28 3.003 —16.604 1.266
0.7 6.74 2.997 —18.204 1.287
1 6.98 2.737 —28.172 1.475 5.66 2.985 —22.404 1.326
2 3.84 2.966 —31.740 1.393
3 3.42 2.698 —44.180 1.596 2.90 2.958 —36.712 1.427
5 2.26 2.692 —49.360 1.623 1.924 2.954 —41.204 1.450
7 1.67 2.691 —51.792 1.646
10 1.196 2.693 —53.436 1.659 1.018 2.953 —44.244 1.472
100 0.1231 2.700 —56.152 1.689 0.1039 2.955 —45.908 1.495
453 0.0272 2.701 —56.320 1.692 0.0229 2.956 —45.976 1.497
1000 0.0123 2.702 —56.352 1.692 1.039 x 1072 2.956 —45.988 1.497
10,000 1.233 x 1073 2.704 —56.424 1.693 1.039 x 1073 2.956 —45.996 1.498
100,000 1.233 x 107 2.701 —56.356 1.693 1.039 x 107 2.956 —45.996 1.498
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